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Cohomology A Journey Through the Beauty of Topology Have you ever wondered how mathematicians
can study the shape of complex objects like the surface of a donut or the intricate folds of a crumpled
piece of  paper  This  is  the realm of  topology a  branch of  mathematics  that  focuses on the global
properties  of  objects  ignoring  their  specific  details  like  size  angles  and  distances  But  how  do
mathematicians actually describe these shapes and their properties The answer lies in a fascinating world
of cohomology theories These theories built upon the foundation of calculus offer powerful tools to
understand the holes and connectedness of spaces leading to unexpected insights into the very nature of
geometric objects Lets start with the familiar world of calculus We learn how to calculate the area under
a curve using integrals But what if we want to measure the holes in a surface or understand how a space
is connected Calculus as powerful as it is falls short here This is where cohomology comes in It uses
differential forms which are generalizations of integrals to measure the holes and connectedness of
spaces Think of it as a way to count the holes in a donut or to understand how many separate pieces a
space is composed of De Rham Cohomology One of the most fundamental cohomology theories is de
Rham cohomology which uses differential forms defined on a smooth manifold a surface that looks
locally like Euclidean space to capture its topological structure Differential forms are functions that
associate a value to each point on the manifold along with a direction This directionality allows us to
capture how the space curves and twists The power of de Rham cohomology lies in its ability to relate
differentiable and topological properties It states that the number of holes in a manifold is directly
related to the number of independent differential forms on it that are not exact differentials This means
that the holes in a space can be understood by studying the differential forms that cannot be integrated
out 2 Characteristic Classes Another crucial tool in the study of topology are characteristic classes which
are a specific type of cohomology class used to understand bundles objects that can be thought of as
spaces glued together in a certain way For example consider a vector bundle which is a space where at
each point we have a vector space associated with it Think of the surface of a sphere where each point
has a tangent line forming a tangent bundle Characteristic classes allow us to understand how these
bundles are twisted and twisted together In essence characteristic classes tell  us about the intrinsic
properties of these bundles regardless of the specific way they are embedded in a larger space They are
like fingerprints for bundles providing a unique identifier that allows us to distinguish them from one
another Applications The applications of cohomology theories extend far beyond pure mathematics They
play a crucial role in physics where they are used to understand the structure of gauge theories and the
behavior of quantum fields They also have applications in computer science particularly in the study of
algorithms and data structures The journey from calculus to cohomology is one of constant exploration
and discovery By understanding how calculus can be extended to study the global properties of spaces
we gain powerful tools to analyze complex structures and unveil the hidden secrets of our universe
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Conclusion From the fundamental concept of integration in calculus to the sophisticated machinery of
cohomology theories this journey has shown us how mathematics can be used to unravel the intricate
tapestry of topology The power of de Rham cohomology and characteristic classes lies in their ability to
provide a language for understanding the holes and twistedness of spaces leading to deep insights into
the nature of geometric objects and their applications across various scientific disciplines FAQs 1 What
is an example of a space with a hole A torus donut shape has one hole A sphere has no holes 2 How can I
visualize a differential form Imagine a vector field where at each point you have a vector pointing in a
specific direction A differential form captures this directionality and magnitude at each point 3 What are
some examples of characteristic classes 3 Some common characteristic classes include the Chern class
and the StiefelWhitney class 4 What are some applications of cohomology in physics Cohomology is
used to study gauge theories which describe fundamental forces in physics and the topology of quantum
field  theories  5  How does  cohomology  relate  to  other  branches  of  mathematics  Cohomology  has
connections to algebraic topology differential geometry algebraic geometry and even number theory
highlighting its importance in understanding different mathematical structures
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this is a study of algebraic differential modules in several variables and of some of their relations with
analytic  differential  modules let  us explain its  source the idea of  computing the cohomology of  a
manifold in particular its betti numbers by means of differential forms goes back to e cartan and g de
rham in the case of a smooth complex algebraic variety x there are three variants i using the de rham
complex of algebraic differential forms on x ii using the de rham complex of holomorphic differential
forms on the analytic an manifold x underlying x iii  using the de rham complex of coo complex
differential forms on the differ entiable manifold xdlf underlying xan these variants tum out to be
equivalent namely one has canonical isomorphisms of hypercohomology while the second isomorphism
is a simple sheaf theoretic consequence of the poincare lemma which identifies both vector spaces with
the complex cohomology h xtop c of the topological space underlying x the first isomorphism is a deeper
result of a grothendieck which shows in particular that the betti numbers can be computed algebraically
this result has been generalized by p deligne to the case of nonconstant coeffi cients for any algebraic
vector bundle m on x endowed with an integrable regular connection one has canonical isomorphisms
the notion of regular connection is a higher dimensional generalization of the classical notion of fuchsian
differential equations only regular singularities

the goal of this book is to provide an introduction to algebraic geometry accessible to students starting
from solutions of polynomial equations modern tools of the subject soon appear motivated by how they
improve our understanding of geometrical  concepts in many places analogies and differences with
related mathematical areas are explained the text approaches foundations of algebraic geometry in a
complete and self contained way also covering the underlying algebra the last two chapters include a
comprehensive treatment of cohomology and discuss some of its applications in algebraic geometry

as the open source and free alternative to expensive software like maple mathematica and matlab sage
offers anyone with a web browser the ability to use cutting edge mathematical software and share the
results  with  others  often  with  stunning  graphics  this  book  is  a  gentle  introduction  to  sage  for
undergraduate students during calculus ii multivariate calculus differential equations linear algebra math
modeling or operations research this book assumes no background in programming but the reader who
finishes  the  book will  have learned about  60  percent  of  a  first  semester  computer  science course
including much of the python programming language the audience is not only math majors but also
physics engineering environmental science finance chemistry economics data science and computer
science majors many of the book s examples are drawn from those fields filled with challenges for the
students to test their progress the book is also ideal for self study what s new in the second edition in
2019 sage transitioned from python 2 to python 3 which changed the syntax in several significant ways
including for the print command all the examples in this book have been rewritten to be compatible with
python 3 moreover every code block longer than four lines has been placed in an archive on the book s
website sage for undergraduates org that is maintained by the author so that the students won t have to
retype the code other additions include the number of challenges for the students to test their own
progress  in  learning sage  has  roughly  doubled  which will  be  a  great  boon for  self  study there  s
approximately 150 pages of new content including new projects on leontief input output analysis and on
environmental  sciencenew sections  on complex numbers  and complex analysis  on sagetex and on
solving problems via monte carlo simulations the first three sections of chapter 1 have been completely
rewritten to give absolute beginners a smoother transition into sage
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this book represents a novel approach to differential topology its main focus is to give a comprehensive
introduction to the classification of manifolds with special attention paid to the case of surfaces for
which  the  book provides  a  complete  classification  from many points  of  view topological  smooth
constant curvature complex and conformal each chapter briefly revisits basic results usually known to
graduate students from an alternative perspective focusing on surfaces we provide full proofs of some
remarkable results that sometimes are missed in basic courses e g the construction of triangulations on
surfaces the classification of surfaces the gauss bonnet theorem the degree genus formula for complex
plane curves the existence of constant curvature metrics on conformal surfaces and we give hints to
questions about higher dimensional manifolds many examples and remarks are scattered through the
book each chapter ends with an exhaustive collection of problems and a list of topics for further study
the book is primarily addressed to graduate students who did take standard introductory courses on
algebraic topology differential and riemannian geometry or algebraic geometry but have not seen their
deep interconnections which permeate a modern approach to geometry and topology of manifolds

the subject of these notes is the character variety of representations of a surface group in a lie group the
author emphasizes the various points of view combinatorial differential and algebraic and is interested in
the description of its smooth points symplectic structure volume and connected components he also
shows how a three manifold bounded by the surface leaves a trace in this character variety these notes
were originally designed for students with only elementary knowledge of differential geometry and
topology in the first chapters the author does not focus on the details of the differential geometric
constructions and refers to classical textbooks while in the more advanced chapters proofs occasionally
are provided only for special cases where they convey the flavor of the general arguments these notes
might also be used by researchers entering this fast expanding field as motivation for further studies the
concluding paragraph of every chapter provides suggestions for further research
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